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Abstract 

The Hamiltonian formulation of general relativity (GR) is considered in finite space-time 
and a specific reference frame given by the diffeo-invariant components of the Fock simplex 
in terms of the Dirac - ADM variables. 

The evolution parameter and energy invariant with respect to the time-coordinate trans- 
formations are constructed by the separation of the cosmological scale factor a(x°) and its 
identification with the spatial averaging of the metric determinant, so that the dimension of 
the kinemetric group of diffeomorphisms coincides with the dimension of a set of variables 
whose velocities are removed by the Gauss-type constraints in accordance with the second 
Nother theorem. This coincidence allows us to solve the energy constraint, fulfil Dirac's 
Hamiltonian reduction, and to describe the potential perturbations in terms of the Lich- 
nerowicz scale-invariant variables distinguished by the absence of the time derivatives of the 
spatial metric determinant. It was shown that the Hamiltonian version of the cosmological 
perturbation theory acquires attributes of the theory of superfluid liquid, and it leads to a 
generalization of the Schwarzschild solution. 

The astrophysical application of this approach to GR is considered under supposition 
that the Dirac - ADM Hamiltonian frame is identified with that of the Cosmic Microwave 
Background radiation distinguished by its dipole component in the frame of an Earth ob- 
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1. Introduction 

In the year of celebration of the 90th anniversary of general relativity (GR) ^ one can 
distinguish two treatments of general coordinate transformations i.) as generalization of the 
frame transformations and ii.) as diffeomorphisms of the GR action and a geometric interval. 
There is an essential difference between the frame group of the Lorentz - Poincare-type (2] 
leading to a set of initial data and the diffeomorphism group of general coordinate transformations 
restricting these initial data by constraints. This difference was revealed by two Nother theorems 
0^. It became evident in the light of the formulation of GR in terms of the Fock simplex [2j 
defined as a diffeo-invariant Lorentz vector that helps us to separate diffeomorphisms from 
transformations of reference frames. 

Just this separation of diffeomorphisms from the frame transformations is a starting position 
of this paper devoted to the consideration of GR in finite space-time in a specific reference frame 
given by the diffeo-invariant components of the Fock simplex in terms of the Dirac - ADM 
variables jH] widely used for the Hamiltonian formulation of GR. Fixing the "Hamiltonian frame" 
one can determine the group of diffeomorphisms of this frame. 

Another starting position of the paper is the kinemetric group of diffeomorphisms of this 
"Hamiltonian frame" established in jH). This kinemetric group contains global parametrizations 
of the coordinate time and local transformations of three spatial coordinates, and it requires 
to distinguish a set of variables with the same dimension, velocities (or momenta) of which are 

^One of these theorems (the second) was formulated by Hilbert in his famous paper [5] (see also its revised 
version 0). We should like to thank V.V. Nesterenko who draw our attention to this fact [S]. 
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removed by the Gauss-type constraints from the phase space of diffeo-invariant physical variables 
in accordance with the second Nother theorem. 

A similar Hilbert-type [21 E| ^eomeiro-dynamic formulation of special relativity (SR) fTHl 
111! I12| with reparameterizations of the coordinate evolution parameter shows that the energy 
constraint fixes a velocity of one of the dynamic variables that becomes a diffeo-invariant dynamic 
evolution parameter. In particular, in SR such a dynamic evolution parameter is well known, it 
is the fourth component of the Minkowskian space-time coordinate vector. 

In order to realize a similar construction of the Dirac - ADM Hamiltonian GR [H], one should 
point out in GR a homogeneous variable that can be a diffeo-invariant evolution parameter in the 
field space of events |^ in accordance with the kinemetric diffeomorphism group of GR in the 
"Hamiltonian frame" [Hj. The cosmological evolution is the irrefutable observational argument 
in favor of existence of such a homogeneous variable considered in GR as the cosmological scale 
factor. 

The separation of the cosmological scale factor from metrics in GR is well-known as the 
cosmological perturbation theory proposed by Lifshits ^Sl applied as the basic tools 

for analysis of modern observational data in astrophysics and cosmology ^H]- However, as it 
was shown in ^SlEI, the Hamiltonian analysis of the standard Lifshits perturbation theory 
reveals that perturbation of the spatial metric determinant should be split from the cosmologi- 
cal scale factor by the projection operator onto nonhomogeneous class functions, otherwise the 
determinant perturbations contain one more variable equivalent to the scale factor that is the 
obstruction to the Hamiltonian approach. 

Thus, in the Dirac approach to GR this homogeneous evolution parameter is not split; 
whereas the standard cosmological perturbation theory contains two such-type variables; so 
that in both the cases the dimension of the Hamiltonian constraints does not coincide with the 
dimension of the diffeomorphism group, which contradicts the second Nother theorem. 

In the present paper, in order to restore the number of variables of the initial GR, a homo- 
geneous evolution parameter as a cosmological scale factor a{x^) is identified with the spatial 
averaging the metric determinant in the Dirac - ADM Hamiltonian reference frame with a finite 
space-time. 

We show that this formulation of GR can solve the "energy-time" problem in both classical 
and quantum GR, and the latter has some attributes of the theory of superfluidity. In particu- 
lar, there are spatial determinant free (i.e scale-invariant) variables introduced by Lichnerowicz 
^HlEl; in terms of which the classical GR contains only the Landau-type "friction-free" dy- 
namics independent of the velocity- velocity interaction (213] ■ It leads to resolution of the energy 
constraint with respect to the cosmological scale momentum so that its positive and negative 
values become the generators of evolution of all scale-invariant field variables. The negative 
energy problem is solved by the primary and secondary quantization that leads to London's 
unique wave function |2lj and Bogoliubov's squeezed condensate [22^.22^, respectively. All these 
attributes are accompanied by a set of physical consequences that can be understood as quantum 
effects. 

The diffeo-invariant Hamiltonian version of cosmological perturbation theory is applied in 
order to consider topical problems of modern cosmology by the low-energy decomposition of the 
reduced action in terms of the Lichnerowicz variables that identify conformal quantities with 
observables. It means that the Hubble law is explained by the evolution of masses, so that 
the Dark Energy chosen as the homogeneous free scalar field PU EEl I2n] is in agreement with 
primordial nucleosynthesis and the last Supernova data f^EHI- In this approach to GR and 
Standard Model (SM) all matter (including CMB radiation) appears as a final decay product of 
primordial vector W-, Z- bosons cosmologically created from the vacuum when their Compton 
length coincides with the universe horizon (2131^. The equations describing longitudinal vector 
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bosons in SM, in this case, become close to the equations of the Lifshits perturbation theory which 
are used in the classical inflationary model for description of the "power primordial spectrum" of 
the CMB radiation jS2]- This means that the considered reference frame is identified with the 
CMB radiation one. 



2. The Dirac - ADM Hamiltonian approach in terms of a simplex 

2.1. GR in terms of Fock's simplex of reference 

GR is given by two fundamental quantities: the "dynamic" action 



S= I d^x 



2 

-^i?(g)+£(M) 



SgR + -^M, 



3 3 

where (/9g = ^-^pianck ~ g Q , G is the Newton constant in the units h = c = I, i2(M) is the 
Lagrangian of the matter field, and a "geometric interval" 

Qf^udx^dx" = = ^(0)^^(0) - ^^(1)^(1) - ^(2)^(2) - ^(3)^(3), (2) 

where ^(q,) are linear differential forms as components of an orthogonal simplex of reference [Jj. 

GR in terms of Fock's simplex contains two principles of relativity: the "geometric" — general 
coordinate transformations 

Xf" ^ Xf" = x''{x^,X^,x'^,X^), CJ(q)(x'') UJ(a){x'') = U(^a)ix^) (3) 

and the set of transformations of a reference frame identified with the Lorentz transformations 
of an orthogonal simplex of reference 

a;(„) = L(„)(^)a;(^). (4) 

The invariance of the action with respect to frame transformations means that there are integrals 
of motion (the first Nother theorem j^); whereas the invariance of the action with respect 
to diffeomorphisms means that a part of degrees of freedom corresponds to pure gauge non- 
dynamical variables and diffeo-invariant potentials defined by constraints. 

2.2. Diffeo-invariant variables and potentials 

According to the second Nother theorem ||4j, in any theory invariant with respect to diffeo- 
morphisms there are constraints of velocities (momenta) that remove part of variables as pure 
gauge ones. These constraints are established in the specific reference frame distinguished by 
the Lorentz vector 1^ = (1,0,0,0) [33j. 

In particular, in QED in the Minkowskian space-time given by equations d^F^^^ = J" , the 
invariance of the theory with respect to diffeomorphisms well known as gauge transformations 
Af^ ^ Afj_ = -\- d^X, — > \I/ = e*^'^^' allows us to remove the pure gauge longitudinal 
component, if A = A"^ is chosen so that it satisfies the equation AA^ = dkAk- After this 
transformation the zero component of the equations c^^F^" = known as the Gauss constraint 
takes the form AAq = Jq (see [S])- Thus, all four components of the vector field = {Aq, A^) 
can be split into the pure "gauge" longitudinal component dkA^, a diffeo-invariant potential 
A^l^ = ^Aq — dkd()Aj., and two diffeo-invariant transverse dynamic variables Af [dkA^ ~ 0). 
The potential equation is distinguished by the Laplacian without the time derivatives in 

contrast to the dynamic variable equation with d'Alambertian OA^. Thus, the second Nother 
theorem P| means that diffeomorphisms lead to the first class constraints removing pure gauge 
velocities, whereas the corresponding pure gauge variables are removed by the second class 
constraints. There are similar problems in GR where a reference frame is given as a simplex. 
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2.3. The Dirac - 



ADM variables 



The similar separation of diffeo-invariant dynamic metric components from potentials in GR is 
fulfilled in the specific reference frame in terms of the Dirac - ADM variables [H| defined as the 
Lichnerowicz transformation to the scale-invariant quantities w^^j* ^Hl ^] 



(5) 



here triads e(a)j form the spatial metrics with det |e| = 1, N^i is the Dirac lapse function, is 
shift vector and is a determinant of the spatial metric. 

The Hilbert action Q in terms of the Dirac variables (j^J takes the form 



'S'gr = j d'^x [K[v9o|e] - P[92o|e] + S[99o|e]] 



where 



2 , '"(ab) 



P[<^o|e] 



2jJ 



6 



(3) 



R{e)ip + SAV' 



S[(/7o|e] = 2ipl[dov^] - dj 



are the kinetic, potential, and surface terms, respectively. 



1 
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= 








{ab) = 






1 


{a)i = 





{do-N'di)\ogij--diN' 

D 



1 



{do - N'di)e^a)i + ^^{ayAN' - e^.ydiN' 



(6) 



(7) 



(9) 

(10) 

(11) 
(12) 



are velocities of the metric components, Aip = di{e^^^-^e^^-^djip) is the covariant Laplace operator, 
(^)i?(e) is a three-dimensional curvature expressed in terms of triads e((j)i: 



(3) 



R{e) = -2a. [e*(fe)fT(c)|(b)(c)] -(T(c)|(6)(c)fT(a)l(b)(a) + WW ' 



Here 



eLV,;er„u.e,.^ = ^e^ 



f^(a)|(fe)(c) = %)^i^(a)k^{b) - 2*'(a)j 
iU 

covariant derivatives, and F^^ = -e^^^(9je({,)j + 9je(b)j). 
The definition of canonical momenta 



(13) 



(14) 



are the coefficients of the spin-connection (see jSl] Eq. (98.9)), Vje^^j)^ = 5je(„)j — r^^e(a)fc are 



^K[v9o|e] 
d{do Inip) 
^K[v9o|e] 



(15) 
(16) 
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allows us to represent the action © in the Hamiltonian form 

Sgr = j dx"^ j d?x PpdoF + C- NdT^ , (17) 

where Pp = (i3^,P(j)) are the set of momenta (|T5|l - (|T6|l . 

T|^ = ^P'A^P+ ^ V^'r/, (18) 
7=0,8 

is the sum of the Hamiltonian densities 



V^^Av ^ (19) 



3 

QP{ab)P{ab) 16 2 

r/=o = ^ ^2 - (20) 

r/=8 = ^^^'^(e), (21) 
b 



here = ^{ef^-jP(b)k + eff^)P(a)k), and 

C = A^(6)rO) + Aop^ + A(„)5fcef^) (22) 

is a set of the Lagrangian multipliers with Dirac constraints, including three first class constraints 
T|^-j = 0, where 

T{a) = '^i^U = -Pi'd{a)i^ + ^d(^a){Pi^i^) + 2p(fe)(c)f^(fe)|(a){c) " 9(fe)P(fe)(a) (23) 

and fourth second class ones (H] dke^^^ = 0, = 0. The last constraint means the zero velocity 
of the spatial volume element 

= -8^lv^ = ^ ao(^^) = aK^'iv'), (24) 

and it leads to the positive Hamiltonian density (jSOJ. 

In this case, the equation of motion of the spatial determinant takes the potential form 

7=0,8 

One can see that in a region of the space, where two dynamic variables are absent e(^a)k = ^{a)k 
(i.e. r/=o,8 = 0) there is the Schwarzschild-type solution of equations 6S/dNd = —Tq = and 
H25jl that can be written in the form 

AtP = 0, A[A^rfV^]=0 ^ V' = l + ^, [W^] = l-^, iV'' = (26) 

where Vg is the constant of the integration given by the boundary conditions. 

One can see that the spatial coordinate diffeomorphisms x-i —>■ Xi = Xi{x^,xi,X2,xs) can 
be used in order to fix three graviton momenta by the first class constraint H23|l and remove 
the corresponding conjugate variables (i.e. three longitudinal gravitons) by the second class 
constraint d^e^^^ = in complete correspondence with the application of the second Nother 
theorem in QED [HS] (see Section 2.2). 
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2.4. Problems of a diffeo-invariant evolution parameter 

However, the time coordinate diffeomorphisms xq xq = xo{x^, xi,X2,xs) violate this QED/GR 
correspondence, because the time first class constraint Tq = fixes not velocity but variable ip, 
and its velocity is removed by the second class constraint = 0. Moreover, the Hamiltonian 
approach to GR is not invariant with respect to the time coordinate transformations. One can 
see that the solution fl^ violates the symmetry of the interval ^ lj^^q^ = tp'^Niidx^ with respect 

to reparameterizations of the time-coordinate (El x*^ xP = xP{x^). 

Zel'manov found that a reference frame determined by forms (jSJ is invariant with respect 
to diffeomorphisms 

x° ^ x° = Xi ^ Xi = xi,X2,X3) , (27) 



dxP ' dxi dx^ dxi dxP 

Only this group of transformations conserves a family of hypersurfaces x^ = const., and it is called 
the "kinemetric" subgroup of the group of general coordinate transformations. The "kinemetric" 
subgroup contains only homogeneous reparameterizations of the coordinate evolution parameter 
(x^) and three local transformations of the spatial coordinates. This means that in finite space- 
time the diffeo-variant quantity (x^) and the corresponding zero energy (|TH|l are not observable. 

We propose here to solve this problem as in ^2 EI, where the frame © is redefined by 
pointing out diffeo-invariant homogeneous "time-like variable" in accordance with the dimension 
of the diffeomorphism group (|27|l . 



Diffeo-invariant formulation of GR 



3.1. A homogeneous scale factor as evolution parameter 

The Friedmann cosmology and the cosmological perturbation theory ^21 applied as the 
basic tools for analysis of modern observational data in astrophysics and cosmology ^HI are the 
irrefutable arguments in favor of identification of such a diffeo-invariant homogeneous "evolution 
parameter" with the cosmological scale factor a(xo). This factor is introduced by the scale 
transformation of the metrics = a'^{x^)g^u and any field F^") with the conformal weight (n): 
F^") = a"'{xQ)F^'^\ In particular, the curvature 



-gRig) 



gR{g) - QadQ 



9, 



(29) 



can be expressed in terms of the new lapse function Nd and spatial determinant ijj in Eq. ^ 

Nd = [v^ 5°°]"' = a^Nd, i> = ( V^)~ V- (30) 



In order to keep the number of variables, we identify log ^/a with the spatial volume "averaging" 
of log tp 

log = (log ^) = y^j log V', (31) 

where Vq = J d^x < oo is a finite volume. In this case, the new determinant variable ijj should 
be given in the orthogonal class of functions satisfying the identity 



(32) 



d^xlogtjj = I d^x [logV' - (log-0)] = 0. 
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One can call these functions the "deviations". The operation of "deviation" Ilde ■ n = Ji- = n — (/i) 
is orthogonal to the operation of "averaging" Ilav • M = (m) • The sum of these two operations is 
equal to unity Ilde • + Hav • A* = IfJ-, and square of these operations give them again: 11^^ = Tide 
and Ilav = n^av One can see that the operations of "averaging" (^) and "deviation" Jl = fi — (fi) 
have properties of projection operators. 

Therefore, the variation of any functional of a "deviation" JI = n — (n) S\j2\ = 5 [Ilde " lA with 
respect to the "deviation" 



Hde 



6fj, 



is a "deviation". 

After the scale transformation (|29)l . (|3?l)l action Q takes the form 



(33) 



(34) 



here S[ip\ is the action Q in terms of metrics 'g, where ipo is replaced by the running scale 
'^{x^) = ipoa{x^) of all masses of the matter fields. 
The energy constraint 



takes the algebraic form fTT^, where 



^0 — 



6Nd 



^0 
-^0 



(35) 



(36) 



is the local energy density. This equation has the exact solution in both the local sector 



(37) 



and the homogeneous one 



dip 



J2 



f = P(o) = 



where 



C(<^o|<^) ^ / dx^'HN, 



^0 / ' 



dip 



(38) 
(39) 



is a diffeo-invariant time-coordinate and A^inv is the diffeo-invariant lapse function. 

One can see that in the diffeo-invariant formulation of GR there is the almost complete 
QED/GR correspondence of the application of the second Nother theorem, because the energy 
constraint fixes the homogeneous velocity of the cosmic evolution. This fixation can be 
treated as the Hubble law in cosmology. The scale factor can be removed from the reduced 
phase space of diffeo-invariant variables, but not from measurable quantities, by the Hamiltonian 
reduction. 

In Appendix A it was shown that the interactions with matter in terms of the scale-invariant 
Lichnerowicz variables F^^^j* = ip~'^"-F^"-\ where n is the conformal weight, do not contain the 
time derivatives of the spatial determinant. 
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3.2. The diffeo- invariant Hamiltonian formulation 



In order to calculate the canonical momenta, let us write the Hilbert action Q in terms of the 
new Dirac variables ifHT)]! 



Sgr[9 = a'g\ = j d^x [K[(^|e] - P[(^|e] + S[<^|e]] 



dx 



{ dpiff 



J dx^LcR, (40) 



where 



K[ip\e] 
S[ip\e] 



6 



,_2 [ab] 



(3) 



2ip^ [dov] - dj 



are the kinetic, potential, and "quasi- surface" terms, respectively. 



1 

N'd 



{do -N^di) log i^--diN' 
b 



(41) 

(42) 
(43) 

(44) 



vi^ab) are velocities of the metric components given by Eqs. (fTTjl and ifT^ . Aip = 9j(e*^^^e-|^^9jV') 
is the covariant Laplace operator, ^^^R{e) is a three-dimensional curvature expressed in terms of 



triads e 



(a)j 



One can see that the Lagrangian in the action (|ir)|l includes three terms describing the spatial 
metric determinant 



-^-GR = J d^xCcR = - J 



d^xNd 



. 2 /-x2 , . do(p _ f doif 

4ip [V) + 4^9 V + 



Nd 



Nd 



+ ..., 



(45) 



where the first term arises from K (|4H) . the second one (i.e. the velocity interaction) goes from 
the first term in S and the third term goes from the scale factor term in Eq. 

Keeping the number of variables (log ^p) = and their velocities 



(46) 



means that both log'0 and v are given in the class of "deviation" functions distinguished by 
the projection operator F = F — (F). In this class of functions the second term in Eq. 
disappears. In this case momenta and become 



and 



dCcR 



dL 



GR 



d{doip) 



d'x2^ 
Nd 



-2Vo'p' 



1 



(do -N'di) log ij--diN' 

D 



(47) 



(48) 



9(9olog^/') ■ Nd 

All velocities are expressed in terms of canonical momenta, so that the Dirac Hamiltonian ap- 
proach becomes consistent (see Appendix A). 
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In the diffeo-invariant version of GR in finite space-time one can express the action in Hamil- 
tonian form in terms of momenta (|i7)l . (|iH|l and Pp = \Pi)-,'P\a)-'PA 



j dx^ j d^x\y2 PpdoF + C- NdT^ j - P^do^ + 



p2 



Ajd^x{Na) 



(49) 



where C = N^Tf + Cop^ + C(^a)dkG^a) °^ constraints with the Lagrangian multiphers 

N^,Co, C(^a) and the energy-momentum tensor components Tf; these constraints include the 
transversahty 5je*^^^ ~ and the Dirac minimal surface [H] 







(50) 



The first class constraints including three local ones ()25p Tq = and the Hamiltonian 
version of the homogeneous part of the energy constraint (|88)l 



Pi 



(51) 



where 



2 / d^xJrl^ = 2Vo(\/tI^), 



(52) 



fix three local longitudinal momenta and one homogeneous momentum P^, so that the dimension 
of the first class constraints coincides with the dimension of the kinemetric group of diffeomor- 
phisms (|?7jl of the Hamiltonian formulation of GR. The similar description of the first class 
constraint for the relativistic string is considered in Appendix B. 

3.3. The Lifshits perturbation theory as an obstacle to Hamiltonian approach 

Let us consider the definition of the deviation v in the class of function 



(v) / 0, 



(53) 



that does not keep the number of variable in GR. In this class of functions there is the coincidence 
of the homogeneous canonical momentum 



Pn 



dL 



GR 



d{dof) 



d^x 



(54) 



with the zero Fourier harmonics of p^ 



d{do log V') 



d^xp^ 



d^x- 



dC 



GR 



d{dp\ogil)) 



2(/7 / d-'x 



Aipv + 2 



2ipP^ 



(55) 



This means that the velocities could not be expressed in terms of canonical momenta and the 
system with the additional variable is not the Hamiltonian one. It is just the case of the standard 
cosmological perturbation theory ^21 1^ ^| based on the interval 



ds' 



a2(ry)(l + 2<^>)dr]'^ - a'^{r]){l - 2^>)dx'dx^ 



(56) 



for which the Einstein equations 



2Rii - Si^R = AttG Ti; = ti^ 
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take the form (see Eq.(4.15) in 



- Snin^ + + =Stoo (57) 

3[(2H' + H2)<5 + H«>' + ^'" + 2H^'] + A($-^') =6tii, (58) 

where Ti = a' /a, and St^j^i, are the perturbations. These equations follow from the variational 
principle, if the correspondent action of the type of (|ir)|l (considered in ^Hl; see Eq. (10.7) p. 261) 
contains the velocity-velocity interaction. One can be convinced that in this case the canonical 

momenta Pa = and P^r = ( ttttt^ / coincide 2aPa = -P*. The Hamiltonian approach 

d{doa) \9(9o^')/ 

is failure, as "velocities" Va = Oqu and = (5o^') could not be expressed in terms of Pa-,P^. 
The strong constraints {^) = 0; (9o^) ^ return us back to the Hamiltonian GR. 

As we see below, the main differences of the "friction-free" version of GR from the Lifshits 
version ^21 EI are the potential perturbations of the scalar components N\^-^,tjj (given by Eqs. 
ifTT)]) - l(7H|l in Section 4) instead of the kinetic ones and the nonzero shift vector / 
(determined by Eq. l(62|l l. Recall that just the kinetic perturbations are responsible for the 
"primordial power spectrum" in the inflationary model ^HI- The problem appears to describe 
CMBR by the potential perturbations. 

3.4. The Hamiltonian reduction 

One can find the evolution of all field variables F{ip,x^) with respect to by variation of the 
"reduced" action obtained as values of the Hamiltonian form of the initial action onto the 
energy constraint 




(59) 



where C = C/dQ^p 

Here the reduced Hamiltonian function given by Eq. can be treated as the "universe 

energy" by analogy with the "particle energy" in special relativity (SR). The reduced Hamiltonian 

is Hermitian, as the minimal surface constraint l(5r)|l removes a negative contribution of 
from energy density. Thus, the diffeo-invariance gives us the solution of the problem of nonzero 
energy in GR by the Hamiltonian reduction like solution of a similar problem in SR. 

One can see, that in the diffeo-invariant formulation of GR considered here the Hubble 
parameter becomes the generator of evolution with respect to the dynamic evolution parameter 
that abandons the reduced phase space but not the set of observables. The similar solution of 
the problem of the energy for the relativistic string is considered in Appendix B. 

The main consequence of the separation of the cosmological scale factor is the globalization 
of the energy constraint l(KT|l . It fixes only the scale momentum Pip^ = i-Ei^, the values of which 
become the generator of evolution of all variables with respect to the evolution parameter ip 
forward and backward, respectively. The negative energy problem can be solved by analogy 
with the modern quantum field theory as the primary quantization of the energy constraint 
[P<^ - -E'^l^'u = and the secondary quantization = {\/^/2E^[A^ + A~] by the Bogohubov 
transformation = aB^ + (3*B~ , in order to diagonalize the equations of motion by the 

condensation of "universes" < 0|-[A"^j4+ — A^^~]|0 >= R{ip) and describe cosmological creation 

of a"number" of universes < 0|74"'"74~|0 >= N{{p) from the stable Bogoliubov vacuum i?~|0 >= 
|23| . Vacuum postulate B~\0 >= leads to an arrow of the invariant time C ^ (|89|) and its 
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absolute point of reference C = at the moment of creation if = ^pr, whereas the Planck value 
of the running mass scale ifQ = ip{C, = Co) belongs to the present day moment Co- 

The reduced action shows us that the initial data at the beginning (p = (pi are indepen- 
dent of the present-day ones at (/? = 999, therefore the proposal about an existence of the Planck 
epoch ip = ipQ the beginning ^] looks very doubtful. 



The Diffeo-Invariant Scalar Potential Perturbations 



4.1. The Hamiltonian perturbation theory 

In diffeo-invariant formulation of GR in the specific reference frame the scalar potential pertur- 
bations can be defined as = 1+17 and = e'^ = 1+]!+ where 71,17 are given in the class 
of functions distinguished by the projection operator F = F — (F), so that (F) = 0. 

The explicit dependence of the metric simplex and the energy tensor Tq on ip can be given 
in terms of the scale-invariant Lichnerowicz variables ^Hj introduced in Appendix A ()A.4|1 and 



(0) 



r° = ^^AV' + ^V'^ai-V/, ti = {ti)+tI, 



(60) 
(61) 



where = is the Laplace operator and r/ is partial energy density marked by 

the index / running a set of values 1 = (stiff), 4 (radiation), 6 (mass), and 8 (curvature) 
in correspondence with a type of matter field contributions considered in Appendix A ()A.22p - 
l|A.25|l (except of the A-term, I = 12). The negative contribution —{16/ip'^)p^'^ of the spatial 
determinant momentum in the energy density tj=q can be removed by the Dirac constraint [8^ 
of the zero velocity of the spatial volume element (|Kn|l 



-8if 



0. 



(62) 



The diffeo-invariant part of the lapse function A^int is determined by the local part (pTTj) of the 
energy constraint H,S5|1 that can be written as 



-^0 



^int/'(0), 



-1 



-1/2 

(0) ' 



(63) 



where p(o) - 
takes the form 



. In the class of functions F = F—{F), the classical equation 5S / 5 log ip = 



dip 



dAtp 



0. 



Using the property of the deviation projection operator l(33|l SS/6fi = D 
ji = log'i/;, we got the following equation 



D — (D), where 
(64) 



where = (^JNi^^ip'^ A'ip+'ipA[Niav'ip'^]+Y2 Iip^ a2 ^tjj. Using we can write for ip a 
nonlinear equation 



i0\-l/2 



7xp'^AiP+^IiP^a^-^Ti 



-1/2 
P(1)P(0) • 



(65) 
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In the infinite volume limit =0, a = 1 Eqs. and coincide with the equations 
of the diffeo-variant formulation of GR Tq = and considered in Section 2.3. 

For the small deviations N^^ =1 + 17 and 'ip = e^ = !+ ]!+.. . the first orders of Eqs. (|63|l 
and ifl^Hl take the form 



(-A-p(i))/i + 
(14A + p(2))7I - 



2p(o)i^ 

(A + p(i))l7 



where 



Pin) = (^(n)) = ^T''a2 ^{ti) 
I 



(66) 
(67) 

(68) 
(69) 



The set of Eqs. and gives and ^ in the form of a sum 
1 



14/3 



where 



A [^(+) (a;, y)T(+)(y) (x,y)T(_)(y)] , 

^ 1 d^y [(l+/3)Z)(+)(x,y)7^(y)-(l-/3)Z)(_)(x,y)7Vy(y)] 

/?= Vl + KT(2))-14(T(i))]/(98(r(o))), 



are the local currents, -D(-|-)(x, ?/) are the Green functions satisfying the equations 



(70) 
(71) 

(72) 
(73) 

(74) 



where mf^^ = 14(/3 ± 1)(t(o)) + (t(i)). 

The reduced Hamiltonian function l|52|l in terms of this solutions takes the form of the 
current-current interaction 



(75) 



+ 



14/3J(r(o)) 



d^x / d'y [7^(x)L>(+)(x,y)r(+)(y)+r(_)(x)Z;(_)(x,y)r(_)(y)] 



In the case of point mass distribution in a finite volume Vq with the zero pressure and the density 



6^{x-yj) - — 



, solutions (|7n|l . (|7T|l take a very important form 



=Et^ 7ie-"(+'(^)''^ + (l-7i)cosm(_)(z)rj 

V{x) kl-72)e-'"W^")'^+72Cosm. )(z)rj 

J rj L 



(76) 
(77) 



where 



71 



1 + 7/? 
14/3 ' 



72 



(l-/3)(7/3-l) 
16/3 



3Mj 

47r(^2 ' 



= F-2/j|, "^(±)="^(±) 



499- 



,2 ■ 
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The minimal surface (EH di[i; Af'] - (V^ )' = gives the shift of the coordinate origin in the 
process of evolution 



r 

') (1^) ' ^^^'''^ = / dr^i^'iCr). (78) 



In the infinite volume limit (r(„)) = these solutions take the standard Newtonian form: fi = 
D-T(Q),V = D- [14r(o) - T(i)], AA* = (where AL>(x) = -5^{x)). 

4.2. Perturbation theory as generalization of Schwarzschild solution 

One can see that another choice of variables for scalar potentials rearranges the perturbation 
series and leads to another result. In order Jo demonstrate this fact, let us choose the lapse 
function ^^T\ as Ni^^iji^ = 1 —VI and keep ip = 1 + 'pi. In order to simplify equations of the 
scalar potentials A^int, V'; can introduce new table of symbols: 

iVs = V'^A^inv, r(^) = X^^(^-^)ai-V,, p(o) = ^y^^ =^'\ (79) 

In terms of these symbols the action can be presented as a generating functional of equations 
of the local scalar potentials Nf^^ijj and field variables F in terms of diffeo-invariant time C,'- 



(80) 



where = C((i2;VdC). 

The variations of this action with respect to Nsjijj lead to equations 

AV^ + T(V^) = (81) 

V^ATV, + TV.V^S^T + 7^^^ = p(i), (82) 

respectively, we have used here the coristraint (|62|l and the deviation projection operator (|83|l 
according to which /9(i) = {ipANs + Nsipd^T + 7'0'^P(o)/-^s)- 

One can see that in the infinite volume limit = (t/) = Eqs. (|RT|l and reduce to 
the equations of the conventional GR with the Schwarzschild solutions ■0 = 1 + ^; A''s = l — ^ 
in empty space, where Eqs. l(8T|l and (|82|l become A^p = 0, ANg = 0. 

For the small deviations A's = 1 — i^i and ip = 1 + fii the first orders of Eqs. l(HT1l and 
take the form 

[-A + 14/)(o) - p(i)]/ii + 2p(0)zvi = T(o) (83) 

[7 • 14/3(0) - 14p(i) + /9(2)]/ii + [-A + 14p(o) - =7r(o)-r(i), (84) 

where 

/'(n) = (t(„)) ^ j;/"a^-'(r/). (85) 
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This choice of variables determines and ui in the form of a sum 



(x, 2/)r[^) (y) + (x, y)T^^\ (y) 



(86) 
(87) 



iVinvV'^ = 1 - = 

where (3 are given by Eqs. (|7^ 
are the local currents, Di^\(x,y) are the Green functions satisfying the equations l(7^ where 



-2 



= 14(/3 lb l)(r(o)) T (''"(I))- III the finite volume limit these solutions for tp^Ni^w coincide 
with solutions ifTT)]! and l(7T1l , where VI = V —Tp, and /IT = /I. 

In the case of point mass distribution in a finite volume Vq with the zero pressure and the 



, ., I . ^(i)(^) 

density r(o) (x j — 



6 



M 



5^{x-y) - — 



, solutions (|H7|l take a form 



= 1 + ? 
4r 

Up-1 



^^^-m^+)iz)r cosm(_)(z)r 
(1 -72)e-™(+)(^)'^ + 72Cosm(_)(z)r 
3M 



(89) 
(90) 



X — y\. Both choices of variables l(7H|l . 



V. 1 + 7/? 
where 71 = , 72 — ^ , ■ o — 

lf77|l and l(HIHl , (jUITjl have spatial oscillations and the nonzero shift of the coordinate origin of the 
type of iTtHII . 

In the infinite volume limit {^n)) = 0, a = 1 solutions (|89|l and (|9?Hl coincide with the 

isotropic version of the Schwarzschild solutions: ■0 = 1 + -^, Ni^^ip"^ = 1 — A^'^ = 0. It is of 

4r 4r 

interest to find an exact solution of Eq. for different equations of state. 



5. Cosmic Microwave Background Radiation 

5.1. Status of SN data in terms of the scale-invariant variables 

Einstein's correspondence principle as the low-energy expansion of the "reduced action" 
over the field density Tg 



2dipJT^ = 2dipy^po{ip)+Ts = dip [2^^0(9^) + Ts/Vpoiv) 



+ ... 



gives the sum: constraint = -SciLic + 'S'fidd + • • where S^osLic 1 V'o] = -^Vq J dcf\/ po{ip) is 
the reduced cosmological action and 



s, 



VI Vo 



^PpdrjF + C-T, 



(91) 



is the standard field action in terms of the conformal time: dij = dip/ \J po{p), in the conformal 
flat space-time with running masses m{r]) = a(ry)mo. 



15 



• Supernova Cosmology Project 



• Calan/Tololo 

• SN1997ff 




Redshift z 

Figure 1: The Hubble diagram [2^1 EE] in cases of the "scale-variant" units of standard cosmology 
(SC) and the "scale-invariant" ones of conformal cosmology (CC). The points include 42 high- 
redshift Type la supernovae and the reported farthest supernova SN1997ff The best fit 
to these data requires a cosmological constant = 0.7, f^cDM = 0.3 in the case of SC, whereas 
in CC these data are consistent with the dominance of the rigid (stiff) state. 



This expansion shows us that the Hamiltonian approach in terms of the Lichnerowicz scale- 
invariant variables l(Hn]l and ()A.4|1 identifies the "conformal quantities" with the observable ones 
including the conformal time drj^ instead of dt = a{r])dr], the coordinate distance r, instead of 
Friedmann one R = a{r])r, and the conformal temperature Tc = Ta{r]), instead of the standard 
one T. Therefore, the scale-invariant variables distinguish the conformal cosmology (CC) pHl35| . 
instead of the standard cosmology (SC). In this case, the red shift of the spectral lines of atoms 
on cosmic objects 

^'emission matom(??0 " r) ip{rio - v) 1 

= — - — = = a(?7o — r) = 

is explained by the running masses m = a{rj)mo in action 

The conformal observable distance r loses the factor a, in comparison with the nonconformal 
one R = ar. Therefore, in the case of CC, the redshift - coordinate-distance relation drj = 
dip/y/ po{ip) corresponds to a different equation of state than in the case of SC The best fit 
to the data, including Type la supernovae (23 ES], requires a cosmological constant = 0.7, 
^CDM = 0.3 in the case of the "scale-variant quantities" of standard cosmology. In the case of 
"conformal quantities" in CC, the Supernova data [SHlEni are consistent with the dominance of 
the stiff (rigid) state, ^^Rigid 0.85 ± 0.15, ^Matter = 0.15 ± 0.15 EH ESI • If ^Rigid = 1, we 
have the square root dependence of the scale factor on conformal time a(r/) = sjl + 2Ho{ri — r/o). 
Just this time dependence of the scale factor on the measurable time (here - conformal one) is 
used for description of the primordial nucleosynthesis j2El EI| • 

This stiff state is formed by a free scalar field when E^p = 2Vo^/po = Q/(p. In this case there 
is an exact solution of Bogoliubov's equations of the number of universes created from a vacuum 
with the initial data ip{ri = 0) = ipi,H{r] = 0) = Hj (221 • 
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Figure 2: Longitudinal {Nz{x)) components of the boson distribution versus the dimensionless 
time T = 2r]Hi and the dimensionless momentum x = q/Mj at the initial data Mj = Hj 

5.2. Cosmological creation of matter 

These initial data ipi and Hj are determined by the parameters of matter cosmologically created 
from the Bogoliubov vacuum at the beginning of a universe ~ 0. 

The Standard Model (SM) density Tg in action ipHjl shows us that W-, Z- vector bosons 
have maximal probability of this cosmological creation due to their mass singularity [30]. One 
can introduce the notion of a particle in a universe if the Compton length of a particle defined 
by its inverse mass Mj~^ = {aiM-^)~^ is less than the universe horizon defined by the inverse 
Hubble parameter H^^ = a'({Ho)^^ in the stiff state. Equating these quantities Mi = Hi one can 
estimate the initial data of the scale factor of = {Hq/My^)"^^^ = 10^^^ and the primordial Hubble 
parameter Hi = lO^^ffo ~ 1 mm~^ ~ 3/C. Just at this moment there is an effect of intensive 
cosmological creation of the vector bosons described in (HOI (see Fig. ISJ; in particular, the 
distribution functions of the longitudinal vector bosons demonstrate us a large contribution 
of relativistic momenta. Their conformal (i.e. observable) temperature Tc (appearing as a 
consequence of collision and scattering of these bosons) can be estimated from the equation in 
the kinetic theory for the time of establishment of this temperature ^relaxation ~ "'(^c) x a ~ i?, 
where n{Tc) ~ and a ~ is the cross-section. This kinetic equation and values of the 

initial data Mi = Hi give the temperature of relativistic bosons 

Tc ~ [M'lHif/'^ = (M^Ho)^/^ ~ 3K (92) 

as a conserved number of cosmic evolution compatible with the Supernova data (^EHIES]- We 
can see that this value is surprisingly close to the observed temperature of the CMB radiation 
Tc = TcMB = 2.73 K. 

The primordial mesons before their decays polarize the Dirac fermion vacuum (as the origin 
of axial anomaly jHEl EZl EHl ES]) and give the baryon asymmetry frozen by the CP - violation. 
The value of the baryon-antibaryon asymmetry of the universe following from this axial anomaly 
was estimated in |30j in terms of the coupling constant of the superweak-interaction 

Ub/n^ ~ Xcp = W-'\ (93) 

The boson life-times tw = 2Hir]w ~ — 16, tz ~ ~ 25 determine the present- 
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Figure 3: The diffusion of a system of particles moving in the space 

with periodic shift vector and zero momenta could be understood from analysis of O.D.E. 
dx^/dr] = considered in the two-dimensional case in j^, if we substitute t = m(_)?7 and 
~ ^ sin m(_)r in the equations, where is defined by Eq. (|77|l . 



day visible baryon density 

~ O.W = o.qed/ sin^ 9w ^ 0.03. (94) 

All these results - testify to that all visible matter can be a product of decays of 
primordial bosons, and the observational data on CMBR can reflect parameters of the primordial 
bosons, but not the matter at the time of recombination. In particular, the length of the semi- 
circle on the surface of the last emission of photons at the life-time of W-bosons in terms of the 
length of an emitter (i.e. M^{r]L) = {aw f^)^^'^ (Tc)^^) is vr • 2/aw- It is close to Imin ~ 210 of 
CMBR, whereas (AT/T) is proportional to the inverse number of emitters (aw)^ ~ 10~^. 

The temperature history of the expanding universe copied in the "conformal quantities" looks 
like the history of evolution of masses of elementary particles in the cold universe with the 
constant conformal temperature Tc = a{rj)T = 2.73 K of the cosmic microwave background. 

5.3. Large-scale structure of the matter distribution 

In the contrast to standard cosmological perturbation theory ^31 the diffeo-invariant 

version of the perturbation theory do not contain time derivatives that are responsible for the 
CMB "primordial power spectrum" in the inflationary model HQ. However, the diffeo-invariant 
version of the Dirac Hamiltonian approach to GR gives us another possibility to explain the 
CMBR "spectrum" and other topical problems of cosmology by cosmological creation of the 
vector bosons considered above. The equations describing the longitudinal vector bosons in SM, 
in this case, are close to the equations that follow from the Lifshits perturbation theory and are 
used, in the inflationary model, for description of the "power primordial spectrum" of the CMB 
radiation. 
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The next differences are a nonzero shift vector and spatial oscillations of the scalar poten- 
tials determined by (see Fig. In the scale-invariant version of cosmology (23) the 

SN data dominance of stiff state ilstiflf ~ 1 determines the parameter of spatial oscillations 
6 9 

= -Hq['^^{z + 1)^ + -riMass(-z + !)]■ The redshifts in the recombination epoch z,. 1100 

TT TT 

and the clustering parameter rdustering = ~ ~ 130 Mpc recently dis- 

Hon](\l + Zr) 

covered in the researches of a large scale periodicity in redshift distribution ^3 S2j lead to a 
reasonable value of the radiation-type density 10~^ < CIr ~ 3 • 10^'^ < 5 • 10~^ at the time of 
this epoch. 



6. Conclusions 

We supposed that the Universe was created in a specific reference frame, where the Hamiltonian 
approach to GR is constructed in the finite space-time with the diffeomorphisms keeping the 
frame of reference. This frame is remembered by the products of decay of the primordial massive 
vector bosons created from the Bogoliubov stable vacuum. 

The physical content of the Universe is described by both the relativistic invariants (of the 
type of amplitudes of scattering) and relativistic covariant quantities like diffeo-invariant time, 
finite volume, temperature, density, etc. Therefore, in contrast to the S-matrix approach that 
depends on only relativistic invariants 0H|, for the complete description of the Universe we need a 
set of diffeo-invariant physical quantities changing under the Lorentz relativistic transformations 
of the type of the dipole component of the CMBR appearing in the frame of an Earth observer. 
Therefore, the quantum creation of the Universe in the finite space-time requires the separation 
of the transformations of frames from the diffeomorphisms in the context of the David Hilbert 
formulation of GR [2]. 

Moreover, just this separation (including the choice of an evolution parameter in GR as a 
cosmological scale factor) simplifies the Hamiltonian equations and leads to exact resolution of 
the energy constraint with respect to the canonical momentum of the scale factor. The positive 
and negative values of this momentum in the "field space of events" play the role of the generators 
of evolution forward and backward, respectively. These values of the momentum onto equations 
of motion can be called the "frame energies". 

The solution of the problem of the "negative frame energy" by the primary quantization and 
the secondary one (on the analogy of the pathway passed by QFT in the 20th century) reveals in 
GR all attributes of the theory of superfluid quantum liquid: Landau-type absence of "friction", 
London-type WDW wave function, and Bogoliubov-type condensate of quantum universes. 

The postulate of the quantum Bogoliubov vacuum as the state with the minimal "energy" 
leads to the absolute beginning of geometric time. The fundamental principle of the Hermitian 
Hamiltonian of the evolution in the field space of events keeps only the potential perturbations of 
the scalar metric components in contrast to the standard cosmological perturbation theory 
keeping only the kinetic perturbations and the "friction" term in the action that is responsible for 
the "primordial power spectrum" in the inflationary model |15| . However, the Quantum Gravity 
considered as the theory of superfluidity gives us a possibility to explain this "spectrum" and 
other topical problems of cosmology by the cosmological creation of the primordial W-, Z- bosons 
from vacuum, when their Compton length coincides with the universe horizon. 

The Einstein correspondence principle identifies the conformal quantities with the "measur- 
able" ones, and the uncertainty principle establishes the point of the beginning of the cosmological 
creation of the primordial W-, Z- bosons from vacuum due to their mass singularity at the mo- 
ment aj ~ 10-29, iJ^i ~ 1 mm. The equations describing the longitudinal vector bosons in SM, 
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in this case, are close to the equations of the inflationary model used for description of the "power 
primordial spectrum" of the CMB radiation. We listed the set of theoretical and observational 
arguments in favor of that the CMB radiation can be a final product of primordial vector W-, 
Z- bosons cosmologically created from the vacuum. 



Acknowledgement 

The authors are grateful to D.B. Blaschke, A. A. Gusev, A.V. Efremov, E.A. Kuraev, V.V. 
Nesterenko, V.B. Priezzhev, and S.I. Vinitsky for interesting and critical discussions. AFZ is 
grateful to the National Natural Science Foundation of China (NNSFC) (Grant # 10233050) for 
a partial financial support. 



Appendix A: The energy density in the massive electrodynamics 



As the model of the matter let us consider massive electrodynamics in GR 



S 



(i^xyj—g 



6 



R{g)+C, 



where £m is the Lagrangian of the massive vector and spinor fields 



1 



F^u = dfj,Ai, — dyA^ is the stress tensor, 



(A.l) 



(A.2) 



Ds = ds- i-[7(a)7(/3)]o-5(Q)(/3), 



(A.3) 



is the Fock covariant derivative 7(^) = 7'^e(^)^ are the Dirac 7-matrices, summed with 
tetrads e(^),^, and cr^(^a){i3) = 6(/3)(Vm^(o)'^) coefficients of spin-connection [7| IH^. 

The Lagrangian of the massive fields ()A.2p can be rewritten in terms of the Lichnerowicz 
variables 

(A.4) 
(A.5) 



A^^ = A^, = a^/^^^, 

that lead to fields with masses depending on the scale factor a-^^ 



These fields are in the space defined by the component of the frame 



UJ 



UJ 



(L) 
(0) 

(L) 
(a) 



with the unit metric determinant |e| = 1. 

As the result, the Lagrangian of the matter fields ()A.2|1 takes the form 



1 



gC^,{A, V', ^) = -^'"-7° ( do - N^dk + ^diN' - ieAo ) - iY^H* + 



1 



^4 / ■ 1 -A ~ TT^ 



2-v- J T (0) 

+Nd ^^mi)^^^ - T:o[N'Ai - Aq] 



(A.6) 
(A.7) 



(A.8) 
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where the Legendre transformation A^/{2Nii) = vro^lo — ^41^^/2 with the subsiduary field ttq is 
used for hnearizing the massive term; 



is the Hamiltonian density of the fermions, 

V[ab] 



2 y^{a)tV(b) - ^{b)tV^a) 



Vi 



'i(A) 



[doAi - diAo + F,jN^ 



are the field velocities, and 



are the currents, a = cr(^a){b)\{c)^{a){b){c)j where £(a){b){c) denotes the Levi-Civita tensor. 
The canonical conjugated momenta take the form 



pi 
MA) 



-2Vr 



Pi 



No 

d{do ln^/>) 
d[K[ip\e] + ^Cr_ 
5(5oe(a)i) 

^[\/-g^m] 

d{doAi) 



-2Vo^ = -2Voip' 



3 



1 



Then, the action l|A.ip one can be represented in the Hamiltonian form 

p2 



where Pp is a set of the field momenta ()A.15|) - ()A.18p . 

i"=0,4,6,8 

is the sum of the Hamiltonian densities including the gravity density 



Tl=0 

Ti=e 

Tl=8 



QP{ab)P{ab) _ 16 2 , T^O 



2a2M2' 



6 ^ ^ 2 



(A.9) 

(A.IO) 
(A.ll) 
(A.12) 

(A.13) 



(A.14) 
(A.15) 

(A.16) 
(A.17) 
(A.18) 

(A.19) 
(A.20) 

(A.21) 
(A.22) 

(A.23) 
(A.24) 

(A.25) 
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here P(^ab) = U^la)P{b)i + (^\b)P{a)i)^ P{b)i = P{b)i + ^\af{c)ia){b)J{c). 

C = AoidiPi^) + eJo - vro] + N^h)T^^^t + ^oN + \a)dke\^) (A.26) 

denotes the sum of the constraints, where Jq = V'^To^^ is the zero component of the current; 
Aq, A'^rf, A^*, Aq, A(a) are the Lagrange multipliers including the Dirac condition of the minimal 
3-dimensional hyper-surface (H] 

p^ = v = Q^{d^- N'di) log = ^diN\ (A.27) 



that gives a positive value of the Hamiltonian density ()A.22|1 . and 

^(°a)i = - PV^'9(a)V' + ^5(a)(PV^V^) + '^P{b){c)l{h)\{a){c) " 9(fe)P(6)(a) + (A. 28) 

are the components of the total energy-momentum tensor T^^-^ = T^e^^^^^ . 

Appendix B: Diffeo-Invariant Content of a Relativistic String 

To illustrate the invariant Hamiltonian reduction by putting strong constraints like let us 
consider the action for a relativistic string 0^ in the form which has been done by L. Brink, P. 
Di Vecchia, P. Howe [l5] 



2 



dPuy/^g"'l^dax''{uQ,ui)dfsx^{uQ,ui), (uq, u-i) = (r, a), (B.l) 



where x^{T,a) - string coordinates given in d-dimension space-time (/i = 0, 1,2, 1), 
(7a^(iio,Mi) - is a second-rank metric tensor on the string surface (two dimensional Riemannian 
space uo,ui). 

Now let us consider the Hamiltonian scheme which is based on the Arnowitt-Deser-Misner 
parametrization of metric tensor ga/3 @E] 

9ap-^i { t)' 5 - 7^5772 1 ^L at2 at2 ] ^ y/-g-ilNa (B.2) 



with the conformal invariant interval 

ds^ = g^pdu'^du^ = Q'^iN^dr'^ - {da + Nidrf], (B.3) 

where A'o and A^i (r, a) are known in GR as the lapse function and "shift vector", respectively 
(compare formulas (EJ). 

The action l|B.ip after the substitution ()B.2p does not depend on the conformal factor O and 
takes the form 



T2 rl 

dT / 

Tl JO 



S = I dr I da 



No 



(B.4) 



where i;^ = cJ^-x^, x'^ = d^Xf^ and x^ — Nix'^ = Dx^ is the covariant derivative with respect 



to the metric l|B.3p . The action HB.4p . the metric l|B.3|l and the covariant derivative -Dx^ are 
invariant under the "kinemetric" transformation r — > f = /i(t), cr — > a = /2 (r, cj) that are 
similar to group of transformation in GR (|27|l . I|28|l . The "kinemetric" transformations of the 
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differentials df = fi{T)dT, da = f2{T,a)dT + f2'{T,a)da correspond to transformations of the 
string coordinates (compare with in the text) 

Xf,{T,a) = x^(f,(T)/i(r) +x/(f,(T)/2(r,cr), (B.5) 

iVo(r,a) = iVo(f,<7)-4^, iVi(r,a) = Ni{f,a)& + ^, 
h'[r, a) fr,' f^i 

DrX^{T,a) = fi{T)DfXf,{f,a) (B.6) 
The variation S with respect to A'^o and A^i leads to equation for determination Nq,Ni 

SS _ {x'.Dxf^) ixx') 



The substitution of these equation in action l|B.4|l converts it into the standard Nambu-Goto 
action of the relativistic string 01] 



T2 



Tl 



5 = -7 / dT do^fii^^Y^lP^. (B.9) 



One can construct the Hamiltonian form of S. The conjugate momenta are determined by 

bS x,, — N^x,/ Pij , 

= ^ = 7 " ^ X. = iVo^ + N,x,' (B.IO) 

and density of Hamiltonian is obtained by the Legendre transformation 

p2 , 2 /2 

H = p^x^'-L = No V + (B.ll) 

then ^ 

S = -[\t[ dalp^xf'-H]. (B.12) 

The secondary class constraints arises by varying 5 with respect to No,Ni 

The equations of motion take the form 

5S _ . _d_ 

Sxi^ da 



(B.14) 



The standard gauge-fixing method is to fix the second class constraints (orthonormal gauge) 
A'^o = 1, A^i = 0. In this case the equations of motion ()B.14p reduce to d'Alambert ones for x^ 



P^l = lx^", Xfj, = ^ ^ Xf, - Xf," = 0, (B.15) 

7 
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the conformal interval ()B.3p takes the usual form 

ds"^ = n^[dT^ - da% 

but the Hamiltonian ()B.1H1 in view of the constraint ()B.13|1 is equal to zero {H = 0). 

There is another way to introduce evolution parameter as the object reparameterizations in 
the theory being adequate to the initial "kinemetric" invariant system and to construct the non- 
zero Hamiltonian. Accordingly to HH9|1 we identify this evolution parameter with the time-like 
variable of the "center of mass" (CM) of a string defined as the total coordinate 

Xf,{T) = - x^{T,a)da. (B.16) 

Therefore, the reduction requires to separate the "center of mass" variables before variation of 
the action ()B.4|1 which after substitution 

= Xf,{T) + ^^{T,a), x'^(.T,a) = (,'^{T,a), (B.17) 



Jo 



(B.18) 



takes the form 

7 



S 



dr { X\t) 



da 



A^o(r,cT) 



+ 2X^(r) / da 



+ / da 
Jo 

The usual determination of the conjugate momenta 



No 



+ 



Noe{r,a) 



(B.19) 



5S 



6S 
d^t^ir, a) 



da 



+ ^ da 



No{T,a) Jo 



Noir^a] 



+ 7 



g^(r,cT)-jVig;(r,a) 
No{T,a) 

UT,a)-N,e,{T,a) 



Noir,a) 



(B.20) 



(B.21) 



leads to the contradiction because -P^(t) and 7r^(r, a) are not independent , namely /J 7r^(T, a)da = 
P^{t) (compare (gll), (gHl), (©)■ 

Thus for the consistent definition of the momentum of "center-mass" P^{t) and momentum 
of intrinsic variables 7T^{T,a) we have to put strong constraint in action l)B.19|l (compare (EHl) 



da 



'UT,a)-Nie^{T,ay 
No 



0. 



(B.22) 



Then we obtain the following form of the reduced action: 



'S'red 



7 



dT { X\t) 



I 



N{t) 



+ / da 



[Ur,<T)-Nie^{T,a) 
No{T,a) 



NoiT,a)C\r,a 



where N(t) is the global lapse function 



da 



N{t) I Jo No{T,a) 



{No')- 



, (B.23) 



(B.24) 
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For global momenta (compare with (|17|l ) we get 



l 



and for the local (intrinsic) momenta (compare with (gHI)) 

, , dS,ed U^,a)-Ni{T,a)e^{T,a) 



(B.25) 



9^A'(r, a) 



No{T,a) 



(B.26) 



with two strong constraints ()B.18|1 and ()B.22I 



/ ^tJ.iT',(T)da = 0, / ■Kij_{T,a)da = 0. 
Jo Jo 



(B.27) 



This separation conserves the group of the "kinemetric" transformation l|B.5p and leads to Hamil- 
tonian form of reduced action, in view of 



I 7 ' 



we get 



(B.28) 



l_ I iVo(pa)^2(^) ^ ^^(^^ ^)[^2 ^ ^2^.2] ^ 27iVi«') \ , (B.29) 



S 



-r- + / da 

2^1 Jo 



(<) - A^o 



2t/2 
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iVi(vrC') 



The equation of motion is split into global one 

5S • , . „ 5S 



and local one 
6S 



<5XA'(r) 



P,.ir) = 0, 



dPt'iT) 



X,{t)-N{t)-J^=0 



(B.30) 



^^ = ^.-^(iVivr, + 7iVoO=0. (B.31) 



The variation of the action l|B.30p with respect to Nq{t) results in the constraint 
5S 



27 



0, 



(B.32) 



here it is necessary to take into account that the variation over the global lapse function l|B.24|l 
leads to 

6No{T,a) N^{T,ay ^""'''^ 
The variation of the l|B.3n|l with respect to A''! (r, a) results in the constraint for local variables 

5S 



6N,{T,a) 



(7re'(r,a)) =0. 



(B.34) 
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Now we introduce the Hamiltonian density for local excitations 



27 



and rewrite l)B.82p in the form 

N{t) 



P2(r) = W27W(r,a). (B.36) 



iVo(r,a)/V 

One integrates l|B.36p over a and taking into account the normalization equality l|B.24|l 

'■^ N(t) 

^ ^ da = l, (B.37) 



I Jo NiT,a) 
it leads to global constraint 

Mst = ^Plir) = £ ^2^n{T,a)da = Z(v^), (B.38) 

where Mgt is mass of the string. The local part of the constraint ()B.36|1 can be obtained by 
substitution (jR38ll into dR3fill 

N{r) 

which coincide with the equation (|H7|l in the text. Finally, after substitution l|B.38p . I|B.39|) into 
action ()B.3fl|) we can derive the constraint-shell action, whereas the equation N{t)P'^{t)/2jI = 
f No{t, a)n{T, a)da 

Sconst-shell = [ ' dT{P^X'' (t) + [ (r, d)^^ (r, d) - TVi (r, d)^^ (t, a)^; (t, d)] } . (B.40) 

Jti Jo 

Again the variation with respect to A^i(t, a) results in subsidiary condition {it^{t, cr)(,'^{T, a)) = 0. 
Now in the "center-mass" coordinate system Piir) = 0, PoiT) = /g da^/2^T-L{T, a) the action 
IB. 4011 takes the form 



'S'const— shell 

/ dT / d<j{TT^{T,a)e{T,cj) + ^2^H{T,cj)Mr)}. (B.41) 

Jri JO 

which describes the dynamics of a local (intrinsic) canonical variables of a string with non-zero 
Hamiltonian because l)B.4Hl can be rewritten in the form 

.^const-shell = dXo da S^TT^iXo, ^)^^^^^^ + V^WU^^ , (B.42) 

where 

2jn{Xo,a) = -[7r\Xo,a)+j^^'\Xo,a)] 

and time dXo = Xo(r)(iT is invariant with respect to df = fidr. 

In the gauge-fixing method, by using the kinemetric transformation, we have to put Nq{t, a) = 1, 
Ni{t, cr) = (this requirement does not contradict to Eq. ()B.37|1 in view of Eqs. lEHHl, (EUni)). 
Then according to 0H1 

1 . r^. r Mst 
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means that the Hamiltonian \J^r(H{T^(j) is constant. In this case the equations for the local 



variables obtained by varying the action ()B.42p take the form 

0, (B.44) 



8S _ d7r,{Xo,a) ^ d/dae,{Xo,a) ^^^^^^ 



If we put Y^— (7r2 + 7^^'^) = 7, (Mgt = 7/), then it leads again to d'Alambert equation for 



d^UXo,'j) _ d%iXo,a) 



dX^ da^ 



(B.46) 



The general solution of these equations in class of functions l|B.27p with boundary conditions for 
the open string (^'^{Xq,0) = (^'^{Xq,1) = is given as usually by the Fourier series 



1 

2^7^ 



where 



eV(^o, ^) =^[*V(^o + CT)- ^'f^iXo - a)], (B.47) 



m^{z)=iY,^e-—\ ^' ^{z) = -Y^o^n^^e-—' (B.48) 



(it does not contain zero harmonics (n 7^ 0)). The substitution of .^^ and vr^ in this form into 



l|B.35p and taken into consideration ()B.43|1 leads to density of Hamiltonian 

1 

n = --[^'1{X, + a) + ^'1{X, - a)\ = (B.49) 
For the constraint (vr^') = in terms of the vector ^' ^ ()B.47p we obtain 



7r^(Xo, a)e'^(Xo, a) = -[^'^ (Xq + a) - ^'^ (Xq - a)] = 0, (B.50) 



then from ()B.49|1 and ()B.5n|l finally we get 

^'^\Xo + a) = ^'^\Xo -a) = -^. (B.51) 
It means that "^'niz) is the modulo-constraint space-like vector and in terms of its representation 



B.48P the equalities ()B.5Hl can be rewritten 



2 ^ - M2 



k=—oo 

where 
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Now we can see that the zero harmonic of this constraint determines the mass of a string 



^st = t^'^iLq = -7r7 ^ an^a''_j^, a^j^ = (B.53) 
and coincides with standard definition in string theory 01], however the non-zero harmonics of 



constraint ()B.52|1 

strongly differ from the standard theory because they do not depend on the global motion(do 
not depend on P^) and do not contain the interference term P^^'^', because of our constraint 



l|B.5ip we can rewrite 

i'^^'^\z) + Pl = Q (B.55) 

instead standard one 03j 

{P^ + l^K{z)f = (B.56) 



Therefore our approach coincides with the Rohrlich one f47|, which is based on the gauge con- 
dition P^i^ = 0, PfiT^^ = =^ P^iOtn = 0, n / 0. One use of that condition for eliminating 
the time components .^O) ^tq being constructed in the frame of reference {Pi = 0) leads to formula 
l|B.47p - ()B.54|l . where ^'q and a^o are equal to zero. 
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